Complex plasmas are interesting systems as the charged dust can self-assemble into different types of ordered structures. To understand the mechanisms which govern the transitions from one type of structure to another, it is necessary to know both the dust charge and the confining electric fields within the environment, parameters which are difficult to measure independently. The problem is further complicated by the ion wake field, which develops downstream of the dust grains in a flowing plasma. The differences in local ion density caused by the wake field change the equilibrium dust charge and shielding distance of the dust grains, and thus affect the interaction between grains. Here we use a molecular dynamics simulation of ion flow past dust grains to investigate the interaction between the dust particles and ions. We consider a long vertical chain of particles confined within a glass box placed on the lower electrode of a GEC rf reference cell. Ions stream from the bulk plasma at the top of the box to the negative lower electrode. We apply the model iteratively to self-consistently determine the dust charge, electric field, and ion density along the length of the chain as well as the ion flow speed. Simulation results indicate that the ion flow speed within the box is subsonic.
INTRODUCTION
Dusty (complex) plasmas have attracted increasing interest in the last several years due to their presence in numerous space and astrophysical environments as well as fusion devices and industrial processes [1] [2] [3] [4] . In industrial environments, the physics of low-temperature dusty plasmas is extensively used in the manufacturing of chips and material processing, as well as in the production of thin films and nanoparticles [5, 6] .
Dust particles charge by collecting electrons and ions from the plasma, and generally become negatively charged due to the higher mobility of the electrons [7] . Recently, micron-sized dust particles have been shown to be very sensitive to changing plasma conditions [8] , allowing them to be used as probes for the plasma environments. In this case, the dust particles are minimally perturbative [9] , allowing investigation of both the confinement and interaction forces [8, 10] . In laboratory rf plasmas, these particles are most often trapped in the sheath of the plasma, above the lower electrode where an inhomogeneous electric field in the vertical direction levitates the particles against gravity [11] [12] [13] . Due to the strong confinement provided by the plasma sheath in the vertical direction, ordered structures tend to be two-dimensional, forming either a plasma crystal [14] [15] [16] [17] [18] [19] or horizontal clusters [20] . Formation of dust crystals in a laboratory dusty plasma, which was first predicted theoretically [21] and later found experimentally [11, 19, 22] , provides the possibility to examine crystalline structures and their dynamics on macroscopic time and spatial scales [22] [23] [24] . Placing a glass box (with no top or * Electronic address: Lorin˙Matthews@baylor.edu bottom) on the lower electrode increases the horizontal confinement, allowing dust structures to be formed which can be extended in the vertical direction. In this case, the horizontal confinement can be adjusting by changing the system power and/or pressure, allowing single or multiple vertical chains to be formed [8] .
The stability of vertically aligned structures formed at the same set of conditions which allows formation of a single vertical chain is not easily explained on the basis of a repulsive interparticle potential alone and appears to be dependent on the balance between an attractive ion wakefield and repulsive screening Coulomb potentials [24, 25] . In the region of the sheath-plasma interface above the lower electrode, positive ions are accelerated downward toward the lower electrode. The resulting ion flow, deflected by the negatively charged grains, leads to the formation of excess positive space charge just below the negatively charged dust grains levitated in the sheath [26] . Previous numerical simulations have shown that the positive space charge becomes weaker for downstream grains, as a significant fraction of ions are deflected by upstream grains so that their direction of motion is no longer along the direction of unperturbed ion flow [27] . In addition, the downstream particles have a smaller charge, resulting in a smaller electrostatic lens [28] .
In order to explain the stability of the long vertical 1D structure formed within a glass box inside a GEC rf reference cell, it is important to determine the charge on each grain, the resultant interaction between dust and ions, and the electric field as well as the ion flow speed inside the box, which are difficult to measure experimentally. In this paper, we use a numerical model of the dust and ions in the system to self-consistently determine these quantities. Experimentally determined particle positions and plasma conditions are then used as inputs in a molecular dynamics simulation which models the flowing ions and the formation of the ion wake below the particles in the chain. The dust charges are calculated self-consistently through the collection of the ions. An iterative procedure is used to determine the best values for the resultant charge on the particles, the vertical electric field which accelerates the ions and supports the dust against gravity, and the ion flow speed within the box.
EXPERIMENT
The experimental data used here were obtained from an experiment conducted in a modified GEC (Gaseous Electronics Conference) rf reference cell. The cell has two electrodes: a lower cylindrical electrode driven at 13.56 MHz and a hollow cylindrical upper electrode, which is grounded. As shown in Fig. 1 , an open-ended glass box is placed on top of the lower electrode in order to provide horizontal confinement for the dust particles [17] . Melamine Formaldehyde (MF) spheres with a manufacturer provided diameter of 8.89 ± 0.09 µm and mass of 5.56 ± 0.09×10 −13 kg were introduced into the argon plasma, using a shaker mounted above the hollow upper electrode, and imaged at 500 frames per second using a side-mounted, high-speed CCD (Photron) camera and a microscope lens. A single vertical dust grain chain consisting of seven dust grains was formed at the center of the glass box with the rf power set at 1.6 W at a gas pressure of 150 mTorr. Langmuir probe measurements in the bulk taken for similar conditions yielded a plasma density of 2 × 10 15 m −3 and an electron temperature T e ≈ 5 eV [29] .
The stable structure of the chain indicates that the total force acting on each particle is approximately zero. The total force on each particle assuming a charge Q d and mass m d is
where m d g is the gravitational force, Q d E is the force from the electric field in the confining region, F di is the force from the ions, F dd is the force exerted by all other dust grains, and F drag is the ion (i.e., collection) drag. The electric field within the sheath is generally assumed to be a linear function of the distance from the lower electrode [30] . However, within the glass box, the sheath is altered by the charge collected on the walls of the box [31] . In this case, the sheath electric field is found to be a non-linear function of z [31] , and the ion velocity is not known with certainty. Thus, a numerical model is used here to calculate F di , F dd , and F drag for given flow speeds, where the positions of the dust grains are determined experimentally. The electric field in the region spanned by the dust chain is then determined by solving Eq. (1) for each of the dust grains. This new electric field is then used to estimate a new ion flow speed at the top dust grain's position, and the procedure is iterated until the results converge. The open-ended glass box sitting on the lower electrode has dimensions of 12 mm × 10.5 mm × 10.5 mm. Dust particle chains of different lengths can be formed inside the box by adjusting the operating power at a given pressure. A vertical chain of seven particles providing the particle positions for the numerical analysis is shown at right.
NUMERICAL MODEL
We employ a molecular dynamics simulation-DRIAD (Dynamic Response of Ions And Dust)-to model the ion flow while simultaneously calculating the charge on the dust particles Q d , the forces from the ions F di , F drag , and computing the effects of the ion wake inside the glass box. A detailed description of the code is provided in [32] . A cylindrical simulation region surrounding the dust chain with the axis aligned with the ion flow is considered. The total number of simulated particles is reduced by using superions comprised of N i real ions that have the same charge to mass ratio, and hence dynamics, as a single ion. Each ion is initially given a random position and velocity inside the simulation cylinder. The vertical electric field within the plasma sheath above the lower electrode accelerates the ions downwards, towards the electrode. Accordingly, ions enter the top and sides of the cylindrical region with a shifted Maxwellian velocity distribution [33] . The interaction between ions is assumed to be a shielded Yukawa interaction, while the interaction between the ions and the dust particles is asymmetric (i.e. the force on the ions from the dust is derived assuming a Coulomb potential, while the force on the dust from the ions is derived assuming a Yukawa potential). This asymmetric interaction, when used in a MD simulation, allows the nonlinear shielding of the grain due to the ions to be addressed at the expense of an approximate treatment of electron shielding, and has been shown to yield good agreement with PIC simulations of the ion wake [34] .
The equation of motion for each ion is given by
is the electrostatic force between ions i and j separated by a distance r ij , λ De = 0kB Te neq 2 e is the electron Debye length; n e and q e (q i ) are the number density and the charge of the electrons (ions) and T e is the electron temperature, respectively. The force due to the dust particles arises from the Coulomb interaction between the ions and the dust, since electrons are depleted in the vicinity of the dust grain so that shielding is provided by the ions [34]
where the sum is over the d dust particles and r id is the distance between an ion and a dust grain. The force from the electric field in the sheath
acts in the vertical direction. In the sheath region above the lower electrode, the ions are accelerated by the vertical electric field, which is usually assumed to be linear. However, experiments conducted within a glass box placed on the lower electrode have suggested that in this case the electric field is not linear [9] . As such, a vertical electric field of the form
where E 0 is a constant and z is the distance above the lower electrode. The constants α and β are unknown coefficients describing the linear and quadratic contributions to the electric field, which are determined by an iterative procedure, described below. The boundary conditions are established assuming an infinite region of homogeneously distributed ions of density n i0 existing outside the boundaries of the simulation region. The force from these external ions is given by
where E B (r, z) is the electric field within a cylindrical cavity created by homogeneous Yukawa matter. The potential of these uniformly distributed ions within a cylinder of height H and radius R interacting through a Yukawa potential is calculated numerically, then subtracted from a constant potential to obtain the potential within the cylindrical cavity. The resulting electric field E B (r, z) is then calculated from the negative gradient of this potential.
The effect of random ion-neutral collisions is incorporated in the force F in . In a partially ionized plasma where the ion mean free path is smaller than the plasma screening length, ion-neutral collisions play an important role in the charging process, reducing the charge on a grain surface by a factor of 2-3 [7, 35] . Collisions also act as a drag force to balance the acceleration provided by the sheath electric field, resulting in a constant drift velocity. Ion-neutral collisions are included in this model using the null-collision method [36] , with collision data taken from the Phelps database (hosted by the Lxcat project) [37] for both isotropic and backscattering cross section.
Although dust grains are assumed to be static in this simulation, the forces acting on the dust grains (defined in Eq. (1)) are calculated at each time step of the simulation. The force from the ions acting on a dust grain is
where the sum is over i ions. The (Coulomb) interaction between any two grains with vertical separation z jk = z j − z k is given by
where shielding is not included since we explicitly model the force from the ions which includes shielding effects [34] . The flowing ions exert a drag force on the grains which is generally assumed to have two components: the ion orbit drag and the ion collection drag. The ion orbit drag is naturally included within F di . The ion collection drag force is calculated by summing the momentum ions transfer to the dust grain in a given ion time step ∆t i as they cross the collection sphere of radius [34] b
In eq. (10), a d and φ d = Q d /(4π 0 a d ) are the radius and potential of the dust grain, and V s is the characteristic velocity of the ions
where k B is the Boltzmann constant, m i the ion mass, T i the ion temperature, and v d (= M C s ) the drift velocity of an ion with M defined as the Mach number. The ion drift velocity is measured in units of the sound speed C s = k B Te mi . The charge on a dust particle is calculated by determining the electron and ion currents to the grain. The ion current is calculated directly from the number of ions which cross the ion collection radius in a given time step, N d . The electron current is calculated employing orbital motion limited (OML) theory [38, 39] assuming the electrons obey a Boltzmann distribution,
The total change in charge on a dust particle in each time step, ∆Q d , is then calculated by
The simulation is advanced through a leapfrog integration scheme until it comes to a steady state. For the case of hand, the simulation runs for 250,000 time steps (≈ 83 τ i , where τ i = 2π 0 m i /n i q 2 e is the ion plasma period). The first 100,000 steps ensure the system is in equilibrium, with the quantities of interest averaged over the remaining 150,000 steps.
Method and Results
As the plasma density in the sheath decreases from that in the bulk, the initial number density of the plasma in the simulation is taken to be n e0 = n i0 = 1×10 14 m −3 following Piel [34] and T e ≈ 58022 K (5 eV ). Ions are taken to be at room temperature as they thermalize with the neutral gas T i = T g ≈ 290 K. The calculated value of λ De is 1.65 mm using the above parameters. The simulation is carried out in a cylinder of radius R = 1.25 λ De , and total height H = 4.3 λ De . The height of the cylinder is chosen such that the dust grains are at least one to two Debye lengths from the top and bottom boundaries. A fluid model of the plasma within the CASPER GEC cell gives an estimate for the sheath electric field E(z) ranging from −3.5 to −1.25 V /mm within the sheath [30] . Previous experiments with these conditions yield an estimated grain charge of ≈ 13500 e − [8] . Accordingly, a range of initial values for Q d and E(z) were chosen in order to allow for different ion flow regimes such that Q d E(z) = m d g. According to sheath theory, ions enter the sheath at the Bohm velocity, C s and are accelerated towards the lower electrode [40] . However, measurement of the horizontal restoring force acting on a grain in the wake of another grain [9] combined with results from a previous numerical model of the ion wake [34] suggests an ion flow speed M < 0.4 inside the lower portion of the glass box. Therefore, as shown in Table  I , three values of the ion flow speed were chosen for the initial iteration M = 0.37, 0.7, 1.0 in order to investigate subsonic-sonic ion flow. The corresponding (constant) electric fields E (1) 0 were estimated from [41] v
where K = [8/3q e ] (m i /π) 1/2 πb 2 ex , and N is the number density of the neutral gas. The impact parameter for charge exchange, b ex , is a function of the energy of the ions, , and the polarization potential, determined from b ex ( /4a) 1/4 ≡ A 1/4 , where the constant A is determined from experiment and a = (α d q 2 e )/(2(4π 0 ) 2 ) where α d is the polarizability. For argon, α d = 1.642 × 10 −30 m −3 and A = 2.6 eV −1/4 [41] . I: Simulation parameters for three cases, giving the initial values for a constant electric field as well as the derived values for the linear and quadratic fields after the fourth iteration. The drift velocity is given at the position of the top grain z = 7.33 mm.
Once the ions and dust charges reach a steady state, the average charge Q d and forces F dd , F di , and F drag were determined from the simulation data as shown in Fig. 2 . For clarity, the data shown at each time step for the top and bottom grains are expressed as a moving average over 100 time steps to reduce the large stochastic fluctuations and better illustrate the difference in forces acting on the two grains. The dust-dust force is directed downward on the bottom grain, as it is repelled by the upper grains, but its magnitude is reduced as it is located in a region of high ion density. The wake field focusing also provides a greater ion drag acting on the bottom grain, most notable in the term for the collection drag.
In the first iteration, it is assumed that the electric field is constant (E (1) 0 , where the superscript refers to the first iteration). In the absence of dust, the ion density and flow speed are relatively constant throughout the cylinder, as shown in Fig. 3 for v d = 1.0M (Case III). After the first iteration, the electric field is fit by either a linear (E lin ) or quadratic (E quad ) function of z. In these cases, the number density ( Fig. 3a ) and drift velocity (Fig. 3b ) measured without dust present vary by 13 − 20 % throughout the region occupied by the dust.
Using the time-averaged values of the forces as indicated in Fig. 2 , the electric field at the position of each grain is calculated from the force balance equation (Eq. 1). The ion density distribution near each grain in the chain, the charge on each grain, and the calculated ver- tical electric field are shown in Fig. 4 for E (1) 0 for each of the three cases. As shown in Fig. 4a , as the ion flow speed increases, the location of the maximum ion focusing position shifts downward. Differences in local ion density also affects the equilibrium charge on the grains, with the lower grains being decharged relative to the upper grain (Fig. 4b) . The calculated electric field in each of the cases (Fig. 4c) was fit with both a linear and quadratic function of z, to determine the coefficients α and β, and these fields, E (2) lin and E (2) quad , respectively, were used in the next iteration.
This new electric field was then used to estimate the ion flow speed at the upper dust grain's position (z u ). E(z) is taken as a piecewise function, and in the region above the dust is set to E(z) = E(z u ) to ensure that E(z) does not exceed zero (its value in the bulk plasma) and that ions inserted at the top of the box are accelerated downward and reach the appropriate drift velocity by the time they reach the dust grains. After the simulation reaches equilibrium, the values of Q d and all forces are calculated as before and the electric field E (3) (z) is subsequently obtained. The method is then iterated until Table I, Case III. the cases converge and the initial and final electric fields agree, as shown in Figs. 5 and 6 for assumed linear and quadratic fields, respectively, and the total root-meansquare (rms) force acting on the dust chain is minimized. The total rms force is calculated from the time-averaged total force acting on each dust grain, as shown in Fig. 7 .
The final values of α, β and v d are given in Table I . The final average dust charge, along with the total forces acting on each grain for E (4) lin and E (4) quad are given in Table  II for Case I, which provides the best fit (although the final values obtained from Cases II and III differ by less than 1 %).
DISCUSSION
All three Cases converge to the same values of dust charge and electric field, under the assumption of either a linear or quadratic electric field. The final results for both linear and quadratic fits yield similar magnitudes for the electric field with a subsonic ion flow velocity v d ≈ 0.3. The calculated charge for the top grain, Q d = 14, 200−14, 400 e − , is within 7 % of the charge measured experimentally under similar plasma conditions [8] . After the fourth iteration, the average (rms) force act- ing on the grains was < F > rms /m d g = 2.2 % for the quadratic electric field, while that calculated for the linear electric field was 6.6 % (Table II) . The force is smallest for the grains in the middle of the chain, with the greatest deviation from force balance found for the particles at either end of the chain.
The subsonic ion flow changes the ion density down- stream of the grains, causing variations in the equilibrium dust charge along the length of the chain. The top grain always has the largest charge, and the results from the first iteration with a constant ion flow speed show that the charge ratio of the top two grains decreases as the ion flow speed increases (Fig. 4b) . The resulting charge ratios Q d2 /Q d1 = 0.813, 0.793, and 0.787 for M = 0.37, M = 0.7, and M = 1.0, respectively, are in agreement with results from previous numerical simulations for subsonic and sonic ion flow using a PIC code which also found that the charge ratio decreases as the ion flow increases [27, 42] . As indicated in Table II , the best-fit data from the final iteration of this model give values for Q d2 /Q d1 = 0.83 for a linear electric field and 0.88 for a quadratic electric field. Previous experimental measurements of this charge ratio for a vertically aligned particle pair yielded values of 0.78 -0.80 [43, 44] . The larger charge ratio found in this simulation may be due to the addition of the downstream dust grains changing the ion focus, or that the plasma conditions in this experiment result in a smaller ion flow. It is also important to note that the quadratic electric field results in a dust particle charge which monotonically decreases down the chain, while a linear electric field model results in the minimum grain charge for the particles located in the center of the chain.
Another difference which arises depending on the assumption of a linear or quadratic sheath electric field is the location of the maximum ion density within the wake field ( Figs. 5a and 6a ). The maximum ion density is found to be in the middle of the chain for E (4) lin , while for E (4) quad it is greatest at the bottom of the chain. Figure 8 shows the electric potential calculated for both the ions and dust using E (4) lin and E (4) quad of Case I, measured relative to the background ion potential calculated for these conditions without the dust present. Notice that the enhanced ion density near the bottom of the chain produces a maximum potential below the bottom grain, which is stronger in the case of the quadratic electric field. Previous PIC simulations of subsonic ion flow [45, 46] have shown that there are regions with slightly positive potential between the negative dust grains, which contribute to the stability of the vertical alignment of grains. Such positive regions are seen here between grains 6 and 7, and are stronger in the case with the quadratic electric field. Figure 9 compares simulation results to experimentally obtained values for Q d E/m d g at vertical positions within the box [9] . In this case, the experimental values were determined by a free-fall technique where the charge and dynamics of isolated dust grains are only influenced by the local equilibrium plasma parameters. Note that while the experimental values of Q d E/m d g fall within the error bars of the simulation results (and vice versa), the general trend for Q d E/m d g tends to be less steep than that observed in the numerical model. The major contribution to this deviation is likely due to the fact that in the simulation the ion density decreases towards the lower electrode, whereas the electron density is held constant throughout the simulation region, thus causing overcharging of the grains near the bottom of the chain. A decrease in n e would result in a decreased dust charge at the lower end of the chain. A previous numerical model, which calculated the electric field at the center of the box by adding the electric field from the charge collected on the walls of the box to the sheath electric field determined from a plasma fluid model [30, 31] , found that the electric field over the extended vertical region covered by the dust chain is best fit by a quadratic rather than a linear function of height.
The results of this model seem to confirm that the deviation from a linear electric field is important to explaining the stability of the vertical dust structures formed inside a glass box. However, given the substantial deviation from force balance found in this study for the particles at the ends of the chain, additional modeling which includes the variation of the electron density along the vertical direction is needed, and will be the subject of future work. 
CONCLUSIONS
A numerical model of ions flowing past charged dust grains was used to determine the dust charge, ion density, electric field, and ion flow velocity for a vertical chain of seven grains formed within a glass box placed on the lower electrode in a GEC rf reference cell, based on the experimentally measured equilibrium positions of the grains. The model was initialized starting with three different values of constant ion flow velocity and associ-ated constant electric fields producing the ion flow. The resulting dust charges and ion densities were used to determine sheath electric fields which led to stable structures, and the model then iterated assuming either a linear or quadratic fit to the calculated electric field. The results converged for all three cases, with the linear and quadratic fits giving similar results for the dust charge and ion flow velocity, even though the total force balance indicates that a quadratic fit to the electric field provides the best results. The ion flow velocity was found to be subsonic throughout the region spanned by the dust chain, with downstream grains decharged by 12 − 20 % compared to the top grain.
The varying dust charge and ion density along the length of the chain are responsible for the alignment and stability of the vertical chain structures observed in ground-based experiments [8-10, 24, 47] . While subsonic flow velocity within the sheath seems to be a unique condition created by the glass box, stable particle chains have also been observed in microgravity experiments performed on the ISS in both RF [48] and DC plasmas [49] with subsonic ion flow.
Future work, such as the inclusion of a variable electron density within the simulation region will further enhance the use of dust grains to probe plasma conditions.
